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Let D(v) denote the maximum number of pairwise disjoint Steiner triple systems 
of order u. In this paper, we prove that if n is an odd number, there exist 12 
mutually orthogonal Latin squares of order n and D(1 + 2n) = 2n - 1, then 
D(1 + 12n) = 12n - 1. 
1. INTR~OUCTION 
A Steiner triple system of order v (STS(u)) on S is a pair (S, 5?), where 
1 S ] = u, and where 9 is a set of 3-subsets of S (called triples) such that any 
two elements of S are contained in exactly one triple of 9. It is well known 
that a necessary and sufficient condition for the existence of an STS(V) is 
u E 1 or 3 (mod 6). Two STS(v) on the same set are called disjoint if they 
have no triples in common. We denote by D(V) the maximum number of 
pairwise disjoint STS(u). It is easy to show that D(V) < v - 2 for u > 1. 
When D(V) = u - 2, we call any set of u - 2 pairwise disjoint STS(u) a large 
set of disjoint STS(u) and denote it by LTS(u). Trivially, D(3) = 1. Cayley 
[I] proved that D(7) = 2, however, it has been conjectured that D(u) = u - 2 
for all u 3 1 or 3 (mod 6) (u > 7). Reference f6] contains a summary of the 
results of this problem. In the author’s other papers he has showen that if 
D(1 + 4n) = 4n - 1, then D(1 + 12n) = 12n - 1, where n is a positive 
integer [4], and that if D(2 + n) = n, p is a prime number, p ZE 7 (mod 8) or 
p E (5, 17, 19,29) and (p, n) # (5, l), then D(2 + pn) = pn, [5]. We assume 
that the reader is familiar with the concept of mutually orthogonal Latin 
squares (e.g., [2]). The purpose of this paper is to prove the foilowing: 
THEOREM. If n is an odd number, there exist twelve mutually orthogonal 
Latin squares of order n and D(1 + 2n) = 2n - 1, then D(1 + 12n) ‘= 
12n - 1. 
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This theorem will be proved by giving the construction. We shall use the 
transversal design which occurs frequently in the literature on block designs. 
A transversal design T(k, n) is a triad (X, .Ec, O’), where X is a set of kn 
elements, Y = {G,, G, ,..., G,- 1} is a partition of X into k n-subsets Gi 
(called groups), and 67 is a class of k-subsets of X (called blocks) such that 
IA n Gil = 1 for each block A and group Gi, and for any pair x, y of 
elements which belong to different groups, there is an unique block A which 
contains both x and y. It is well known that the existence of a transversal 
design T(k, n) is equivalent to the existence of k - 2 mutually orthogonal 
Latin squares of order n. It is a transversal design T(14, n) that will be neeed 
in this paper. Let us denote by I, the set of nonnegative integers smaller than 
n, e.g., I,,= (0, l,..., 13}, then this transversal design may be written as 
T( 14, n) = (Z,4 x I,, ,Y, U), where .% = { {i} x I, 1 i E I,,}. Throughout this 
paper, assume that such a design is given and fixed. In what follows, we shall 
use an expression {(i,, jr), (iz, j&..., (i,., j,)} E @ to denote the fact that the 
subset {(i,, j,), (iz, j&, (i,, j,)} of I,, x I,, is contained in some block A of 
Q’. Then, for each ordered pair (i, j) E I,, x I,,, we define a mapping 
vii: I,, + I, as follows: oii(j,) = j, if and only if ((i, j2), (12, j), 
(13, j,)} E 0. It is obvious from the property of the transversal design that 
pii is a one-one mapping. 
2. LEMMAS 
We need a kind of auxiliary design which is denoted by AD. It is a triad 
(.$, p’, p’) where 3 is a set of subsets of I,, (called blocks) having 2 or 3 
elements each, and where p1 and p2 each is a set of ordered pairs of I, *, and 
all of the following conditions are satisfied: 
(C,) Every 2 subset of I,, is contained in exactly one block of 9. 
(c,) p’ np2 = 0. 
(C,) Let p=p1Up2, then (il, i2) E p implies (i2, i,) 6? p and 
(i, , i2} E 3; and {i, , i2} E 9 implies either (i,, i2) or (i2, i,) E p. 
(C,) For any i, EZ,,, there exist an unique i, E I,, such that either 
(il, i2) E p or (i2, i,) E p’. 
Set (~‘1 = ‘It,, Ip2 I = m2, it is seen immediately from C, that 
2m, + m2 = 12(m, or m2 is allowed to be taken the value zero). To match 
the AD we also need an STS(13) = ({ cx,} U I,*, 9) satisfying the following 
condition: 
(C,) (i,, i2) E p’ implies {co, i,, i2} E 3. 
Further let us have an STS(1 + 2n) = ({co ) U (I, x I,), 9’). Let 
S = {co } U (I,, x I,), when p2 # 0 in the AD, taking s E I, and combining 
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a, AD, 9, and 9’ we can form a set of triples on S denoted by 
(AD, 9,9’), consisting of the following: 
Z,, : L,, : {co, (i,, j,), (ii, j,)} if there exists i, E I,, satisfying one of the 
following conditions: 
(C,) (i,, i2) E p’ and {a, (0, j,), (0, j,)} E 9’, 
(C,) (i,,i,)Ep’ and {co, (i,j,), (l,j,)l E.9’; L,,: (00, (illjl), 
(iz,jz)} if (i,,i,)Ep’ and {co, (O,j,), (Lj,)JE~‘; L,,: I(i,,j,), (i17.&), 
(i,, j,)} if there exists i, E Z,* satisfying one of the following conditions: 
(C,) (i,, i2) E p1 and {(O, j,), (0, j2), (0, .&)I E d’, 
(C,) (i2, i,) Ep’ and {(I, j,), (1, j2h (1, &)I E 9’; Lid: IO’,, j,h 
(il, jz), (iz, j,)} satisfying one of the following conditions: 
(C,,) (i,, i2> Ep’ and {CA j,), (0, j2), (1, .&)I E 2’, 
(Cl,) (i2, 4) Ep’ and {(L j,), (1, j2), (0, A)\ E 9’. 
To put it briefly, if (i,, iz) E pl, we define a mapping f, I, X I,, + {i, , iz} X 
1, as, f((0, j)) = (i,, j), f((L j)) = (i,, j> for any j E I,. Applying f to the 
9’ for every (il, iz) E pl, then we obtain all the triples of the form L, ; this 
gives im,n(2n + 1) triples. 
L,: l(i,~j,)~ (ilTj2h (i2,j3)l if ( i,, iJ E p*, 1,) j, E I,, j, # j, and there 
exists j such that { (12, s), (iz, j,), (i,, j)} E @ and 2j 3 j, + j, (mod n). 
Since for any i, , i, E I,, and any s, j, E I, by the property of the transversal 
design there exists an unique j such that { (12, s), (i2, j3), (i,, j)} E &, hence 
it follows that the number of these triples is m,n(n - 1)/2. 
L,: {(i,,j,), (i2,j2), (i3,q,s(j3)>} if iil,i2,i,JEt~, i, <i2 <i,, and 
there exists j such that j#s and {(i,, j,), (i2, j2), (12, j), (13, j,)} Ea. It 
follows from (Cl)-(C,) that the number of the triples in .$ is 
5 [ ( ‘:) - ml - m,], then it follows that the number of the triples of the form 
L, is +n(n - 1)(66 - ml - m2). 
L,: {co, G19jl), (i2,j2)} if 1 co, i,,i,} E9, (i,, i2) and (i,,i,)@p’, and 
{ (12, s), (il, j,), (i2, j,)} E @. Since the number of the triples of the form 
{co, i, , i2} in 9 is 6, one sees that the number of the triples of the form L, is 
(6 - m,)n. 
L,: {(i,,j,), (i,j2), (i3,j3)} if {i,,i2,i,}ES and {W,s), (i,,j,), 
(i,, j2), (i, , j,)} E @. This gives 20~ triples. 
LEMMA 1. Zf n is an odd number and p2 # 0, then for any s E I,, 
(S, (AD, s,g’>,> is an STS( 1 + 12n). 
Proof. After a simple calculation, the number of the triples contained in 
(AD, 9, LP’), does not exceed 2n(2n + I), therefore we have to show only 
that every pair P of the set S is contained in some triple of (AD, 9, B’),. 
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In this respect we shall divide all the pairs into 8 types and will prove the 
theorem for them one by one. 
Type 1. Pair P= {oo, (i,, j)} and there exists i, such that (i,, iJ or 
(iz, i,) E p’. This pair is contained in some L,, or Lib. 
Type 2. Pair P = (co, (i, ,j)} and there exists no i, such that (i,, iJ or 
(ill i,) E p’. This is contained in some L,. 
Type 3. Pair P = ((i,, j,), (i, , j,)} (j, # j,) and there exists i, such that 
(i,, iJ or (iz, i,) E p,. This is contained in some L,, or L,, or Lid. 
Type 4. Pair P = {(i,, j,), (i,, j,)} (j, # jr) and there exists no i, such 
that (i,, i2) or (i2, i,) Ep ‘. In this case, by (C,) there exists i, such that 
(i, , i2) E p*. Since n is an odd number, the equation 2j = j, + j, (mod n) has 
a solution j E I,, and the property of the transversal design implies that there 
exists j, such that ((12, s), (i2, j3), (i,, j)} E @‘, then one sees that P is 
contained in L,{(i,, j,), (i,, j2), (i2. j,)}. 
Type 5. Pair P = ((i,, j,), (i2, j,)} and (i, , i2) E p’. This is contained in 
some Lib or Lid. 
Type6. Pair P= {(i,, j,), (i2, jz)}, (i,,i2) and (i*,i,)ep’, and ((12,s), 
(i,, j,), (i2, j,)) E ai. Consider two cases. 
Case i. Let { a~, i,, i2} E 9’. In this case, this pair is contained in some 
L 4’ 
Case ii. Let {co, i,i,} & 2. In this case, there exists i, such that 
{i, , i,, i3} E 9 and there exists j, such that {(i,, j,), (i2, j2), (4, j,), 
(12, s)} E 6. It follows that this pair is contained in L, ((i,, j,), (i2, j2), 
(4 3 jJ1. 
Type 7. Pair P = {(i,, j,), (i2, j2)}, (i,, i2) Ep*, and ((12, s), (i,, j,), 
(i2, j,)) $Z a. In this case, there exists j such that { (12, s), (i, , j), 
(i2, j,)) E @ and j # j, . Let j, E I,, satisfy the equations j, = 2j - j,(mod n) 
and necessarily j, # j, (otherwise, j = j, which yields a contradiction), then 
one sees that P is contained in L2{(i,, j,), (i,, j3), (iz, j,)}. 
Type8. P={(i,, j,), (i2,jz)} (i, <i,), (i,,i2> and (i,,i,)@p, and 
(( 12, s), (i,, j,l), (i2, j,)} 6$ @. By (C,) and (C,) there exists i, such that 
(i, , i,, ix} E 9. We consider two cases. 
Case i. Max(i,, i,, i3) = i,. In this case, there exist j and j, such that 
{(i,, j,), (i2, j,), (12,j), (13, j,)} E ~2. Since {(12, s), 6, j,h (i2, j,)l@ 6, 
therefore j# s. It follows that this pair is contained in L, ((i,, jl), (iz, jz), 
(4 T  Vi,,,(jd)l- 
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Case ii. Max@, , i2, iJ = i, . Since V)i,,s is a l-l mapping, there exists j’ 
such that qi2Jj’) = j,. By the property of the transversal design, there exist 
j and j, such that {(i,,j,), (i3,j3), (12, j), (13,j’)} E d. We have j# s, 
otherwise, from { (i2, j2), (12, s), (13, j’)} E d (which is the definition for 
Cpi,,,(j’) = j2), it follows that {(iI, j,), (i2, j,), (ix, j3), (12, s), (1_, j’)} E ~7 
and hence contradicts the hypothesis (( 12, s), (i, j,), (iz, j,)} @ a. Then one 
sees that the pair P is contained in L, { (i, , j,), (iz, jJ, (i,, j,)}. The proof of 
Lemma 1 is completed. 
When p* = 0 in the AD, we form a rather simple set of triples denoted by 
(AD, S’), consisting of the following: L, : The same L, as in the 
(AD, 9,9’), for the case p* + 0. Here, m2 = 0, m, = 6, this gives 
2n(2n + 1) triples. L,: {(iI, jl), (i2, j2), <i3, nsj3)) (i, < i, < 4) if 
{i,,i,,i,}E2and {(i,,j,),(i,,j,),(i,,j,))E~,wherenisafixedcycleof 
length n permuting the elements of I,,. This gives 20n* triples. 
LEMMA 2. Let S=(~I}U(Z,,XZ,), AD=(B,p’,p*), p*=0, and 
STS( 1 + 2n) = (( 00 } U (Z2 X I,), .5?‘), then for any s E I,, (S, (AD, S’),) is 
an STS( 1 + 12n). 
Proof The proof is similiar to that of Lemma 1. As the number of the 
triples contained in (AD, S’), is 2412n + I), we have to show only that 
every pair P of the set S is contained in some triple of (AD, 9’),. All the 
possibilities are exhausted as follows: 
(1) Pair P = {co, (i,, j)}. Since p* = 0, therefore, by (C,) there exists 
i, such that (iI, i2) or (i2, i,) E p’, then it follows that this pair is contained 
in some L,, or Lib. 
(2) Pair P = ((i,, jr), (iI, j,)} (j, # j,). As above there exists i, such 
that (i,, i2) or (i2, i,) E p’, it follows that this pair is contained in some L,, 
or L,, or Lid. 
(3) Pair P= {(il,j,), (i2,j2)] and (i,,i& or (i2,i,)Ep1. This pair is 
contained in some Lib or L,,. 
(4) Pair P = ((iI, jl), (i2, j,)} (il < i2), (i,, i2) and (i2, i,) @pi. By 
(C ,) and (C,) there exist i, such that (iI, i,, i3} E 9. Consider two cases. 
Case i. Max(i, , i,, i3) = i, . By the property of the transversal design, 
there exists j, such that { (iI, j,), (iz, j2), (i,, j,)} E d. Hence, this pair is 
contained in L, {(i,, j,), (i2, j2), (i,, x5 j,)). 
Case ii. Max(i,, i,, i3) = i,. By the property of the transversal design, 
there exists j, such that {(i,, jl), (i2, rr”-‘j2), (i3, j,)} E a. Hence, this pair 
is contained in L, {(i,, jl), (i2, j,), (i,, j,)}. The proof of Lemma 2 is com- 
pleted. 
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3. CONSTRUCTIONS OF AUXILIARY DESIGN 
We shall give twelve AD, (i E I,,), where AD, = (si, pi, pf). The pairs 
contained in pi will be omitted, as they will be implied immediately from pi 
by condition (C,). 
Pi: (L2), (3,8), (ll,O); 
P;: (5,8), (l&8), (4,0>, (7, O), (6,2), (932); 
&: {2,8,0/q {2,3, ll}, {1,8,11}, {1,3,(I), 3,7,10), {3,6,9), {3,4,5}, 
{11,7,9), {11,10,5}, {11,6,4}, {1,10,9}, {1,4,7}: {l-6,5}, 
{8,6,7}, {8,4,9}, {O, 5,9}, (036, 101, (2, 10,4}, {2,5,7}. 
P:: (5,7), (6, lo), (479); 
P:: (11, lo), (2, lo), (3,9), (0,9), (1,7), (837); 
.@,: i7,10,9}, {7,6,4}, {5,10.4}, {5,6,9}, {6,2,11}, 16, LO}, {6,3,8\, 
{4,8,11},{4,3,0},{4,1,2},{5,8,1}, {5,3,2},{5,1~,0),{10,8,0), 
{lo, 1331, {9,2,8), 19, 11, l}, {7,2,(I), {7,3, ll}. 
~;=a P:: (L3), (2.3), (3,111, (8,11), (ll,l), (O,l), (5,0), 
(lo,% (4,2), (7,2), (6,8), (938); 
$: {1,2,8}, {3,8,0}, {11,0,2), {11,7,10), {11,6,9}, {11,4,5}, {1,7,9), 
{1,1&S}, {L&4}, {3,10,9), {3,4,7}, {3,6>5L iO,6,71, {0,4,91, 
{2,5,9}, {2,6, lo}, (8, l&4}, (8.537). 
p: =a p:: (2,8), (1,8), (8,0), (3,0), C&2), UL2), (5, 11, 
(10, l), (4,3), (7,3), (6, 111, (9, 11); 
$: {2,,13}, {8,3,11}, {O, lLl1, {2,7,10}, i2,6,9}, i2,5,4), i8,7.9), 
{8,10,5}, {8,6,4}, {(X10,9}, {0,4,7}, {0,5,6}, {l-6,7}, {l-4,9}, 
{3,5,9}, (336, lo}, ill, 10,4), {ll+S, 7). 
~:=a p:: (1, 111, (2, 111, (3, 11, (8, 11, (11,3), (0,3), (5,3), 
(10,3), (4, ll), (7, ll), (6,1>, (9,l); 
&: {1,2,0}, {3,8,2}, {ll,O,S), {8,7,10}, {8,6.9}, {8,4,5}, {0,7,9\, 
{O, 10,5}, {0,6,4), 12, 10,9}, {2,4, 71, i2,6,5}, {3,6,7), i3,4,9), 
{11,5,9}, {11,6, lo}, 11, 10,4), {1,5,7\. 
p: =a p:: (2,0), (LO), (8,2), (3,2), (0,8), (11>8), (5, 111, 
(10, ll), (4, 11, (7, 11, (6,3), (933); 
.&: {1,2, ll}, {3,8, I}, (11,0,3}, {0,7, 101, {R&9}, {0,4,5\, {2,7,91, 
(2, lO,S\, {2,6,4), {8, 10,9}, {8,4, 71, {8,6,51, {11,6, 71, 
(11,4,9}, (1, 5,9}, {1,6, 101, 13, l&4}, {3,5,71. 
p;=0; pi: (5,6), (7,6), (6,4), (4,5), (915), (11,9), (2,9), 
(3,7), (0,7), (10,4), (1, 101, (8, 10); 
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$: ($7, IO}, {6, 10,9}, {4,9,7}, {4,2, ll}, (4, l,O}, {4,3,81, ($8, 111, 
(5, 3, O}, 15, 1,2}, (678, 11, (6, 3,213 16, ll,O}, {9,8,01, 19, 1,3}, 
{7,2, 81, (7, 11, 11, {lo, ZO}, {lo, 3, 11). 
P: = 0; P: : (7, lo>, (5, 101, (l&9), (6,9), (9, 7), (4,7), (lL5), 
(2,5), (3,6), t&6), (L4), (834); 
,&: {7,5,6), {10,6,4}, {9,4,5}, {7,2, 111, {7, LO), {7,3,8}, {lo, 8, 111, 
{10,3,0}, (10, 1,2}, (938, 11, {9,3,2}, 191 ll,O), {5,8,0/, (5, L31, 
{6,2, S}, (6, 11, l}, (4, ZO}, 14.3, 111. 
P; = 0; ~82: (5,4), (7,4), (6,5), (l&5), (4,6), (9,6), (lL6), 
(2,6), (3,4), C&4), (L5), (895); 
&: {5,7,9}, {6, l&7}, (439, lo}, {lo, 2, 11 I, (10, l,O], { 10,3, S}, 
(978, ll}, {9,3,01, (9, 1,2}, {7, 8, 11, {7,3,2}, 17, ll,O}, (6,8,0}, 
(6, L31, {4,2,81, (4, 11, 11, {5,&O}, (533, ll}. 
P; = 0; P;: (7,9), (5,9), (l&7), (697). (9, lo), (4, lo), (11,4), 
(Z4), (3,5), (0,5), (L6), (836); 
$6: {7,5,4}, {10,6,5}, {9,4,6}, {!A& ll}, {9, LO), {9,3,8}, {7,8, ll}, 
{7,3,0), 17, 1,2}, {lo,& 11, {l&3,2}, (10, lLO), {4,&O), 
(4, 1931, {5,Z 81, (5, 11, 11, {6,&O}, 16, 3, 11). 
I p,o = 0; p:o: (lL7), (2,7), (3, lo>, (0, lo), (L9). (8,9X (5,2), 
(l&2), (4,8), (7,8), (6,Q (9,O); 
$0: {1>8,01, {2,3,01, I&8, 111, (5, l&9), {7,6,9), 17, l&4}, {3,&S}, 
11,‘&6), {lLO,4}, {1,3,7}, 111, 1, lo), {3, lL9}, 1534, I}, 
1674, 31, {6,5, 11 I, {4,9,2), 16, l&8}, (5, 7, O}. 
P;I = (3,8), (ll,O>, (L2), (6, lo), (4,9), (5,7), P:, = PI; 
$1: 111, 10,91, 13, 7791, 10, 10,4}, {8,5,9}, { 1, 7, 101, {2,6, 7}, 
(3, l&51, {lL4,7}, {1,6,9}, 14, 1,8}, {f&3,0}, {5,2, ll}, 
14,2,3}, {9,&O), 15, LO}, {lo, 2,8), (738, O}, (6, 8, 1 I}, 
{L3, 111, {5,6,4}. 
The given twelve AD, (i E I,,) have the following properties, that will be 
proved by direct checking: 
(P,) Each AD, (i E I,,) satisfies the conditions (C,)-(C,). 
(PJ For any triple {iI, i,, i,} of I,,, 
(i,, i,, i3} E Si. 
there exists an unique i such that 
(P3) of #0 if and only if iE {O, 1, Ii}; pinpi =a. pAup: =p;,. 
(P.,) For any ordered pair (i,, iz) of I,, (il + iz), if (i,, i2) and 
(iz, il) @ p:, , then there exists an unique i E I,, such that (i, , iz) E pf . 
Among the twelve AD, given, each has pf # 0 except pf,. According to 
282a/3412 3 
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what has been discussed before, we need eleven STS( 13) to match the eleven 
AD, (i E I,,). Here, we use the LTS( 13) given by Denniston [3] but with a 
few changes in symbols. We write LTS( 13) = ( (( co } U I, *, 9,) 1 i E I,, }, 
where $ is the result of applying ui to the 90 and, where permutation 
u = (0, 1, 2 ,...) 10). 9,, consists of the following triples: (0, 1, 6}, {0, 2, 3}, 
(334, 71, {1,4,5), (5,681, {2,6,7/v {2,& 91, {O,% 101, 1234, 101, 
(3, 5, lo}, {0,5,7}, (1, 7,9}, { 1,8, lo}, {3,6,9}, {0,4,8}, (~0, 1,2}, 
{co,4,6}, {co,7, lo}, {co,5,9}, {00,3,8}, {11,7,8/, (11, L31, {11,2,5/, 
(lL6, 101, {lL4,9}, {~o,O, ll}. 
It can be verified that condition (C,) for the AD, and si is satisfied for 
any iEZ,,. 
4. PROOF OF THE THEOREM 
Let LTS(1 + 2n)= {((oo}U (I2 XI,),.%‘,,) I (i, s)EZ, x I,, (i,s)# (LO)}. 
By Lemmas 1 and 2 we can construct 12n - 1 STS( 1 + 12n) as follows: 
(S> (ADi 7 gi 7 go,),), iEZ,,,sEZ,, 
6 (AD,, 3 ~A s = 1, 2 )...) n - 1) 
where S = (co} U (I,, x I,), AD,(i E I,,) and Bi (i E I,,) were given in the 
previous paragraph. To complete the proof we have only to show that every 
triple of S is contained in some STS(l + 12n) given above. All the 
possibilities are exhausted as follows: 
Case 1. If (i,, iJ Ep:I, then there exists i E I, such that (iI, iz) E pf by 
the property P,. And in this case the triples {co, (i,, jl), (i,, j2)}, (j, # j2), 
WY (L .A), L jJL {(iI, U9 (4, j6), (4, .hh Nil9 AJ, (iI j9)7 (i2, jl& 
((4, jl,), (4, j,,>, (4, j,,)) are contained in (AD,,, ~,,), ((AD,, si, %,),) 
provided {mo, (0, j,), (0, .L>h {m (0, .&I, (1, A)), {(O, j5), (0, .h), (0, AN, 
((0, j,), (0, jJ, (1, jlo)}, ((0, j,,), (1, j12), (1, j,,)} are contained in Bls 
(-F&J, respectively. 
Case 2. Consider the two triples {co, (iI, j,), (i,, j,)} (j, # j,) and 
{(i,, jj), (iI, j4), (il, j,)} (j, <j, < js), if there exists no i, such that 
(il, iz) E pi,, then they are beyond Case 1. But as AD,, satisfies condition 
(C,) and p:, = 0, there exists i, such that (i2, i,) E p:r. Moreover, there 
exists i E I, such that (i2, i,) E pi by property (P3). It follows that these two 
triples are contained in (AD,, , 9,,),((AD,, 3i, %,,),) provided {CJA (1, .I,), 
(1, j,)} and {(l, j,), (1, j4), (1, j,)} are contained in 9,, (go,), respectively. 
Case 3. Consider the triple (co, (il, jl), (i2, j,)} (il # iz), where (il, iz) 
and (iz,4)@d, which is beyond Case 1. In this case, there exist i, s such 
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that {co,i,,i2)E.9r and {(12,s), (ii,j,),(i,,j,)}E& then one sees that 
{co, (i,, j,), (iz, j,)) is contained in (AD,, S’i, .90s)s(L4). 
Case 4. Consider the triple {(ii, j,), (ii, jJ, (iz, j,)} (i, f i,, j, # j2), 
where (i, , iz) and (iz, il) & pii which is beyond Case 1. In this case, by (P4), 
there exists i E I,, such that (i,, iz) E of, Let j E I, satisfy the equation 
2j E j, + j, (mod n), and s satisfy {(12, s), (i,, j), (iz, j,)) E a, then 
NWJ~ Gl~jJt L.h)~ is contained in (AD,, 5Yi, 90,),(L &. 
Case 5. Consider the triple {(iI, j,), (iz, j2), (ix, j,)) E a. This triple is 
contained in (AD,, 5Yi, 9’@),(L,) provided (il, i,, i, } E .JSi and { (12, s), 
(4 9 j,), (4 3 .L), (4 v AN E @. 
Case 6. Consider the .triple {(i,, j,), (i2, j2), (ix, j,)} 6$ @ (i, < i, < i3), 
where {i, , i,, i3} E 9,, . Let j satisfy {(i, jl), (i,, j2), (i,, j)) E @, and s E I,, 
satisfy n”j = j,. Obviously, s # 0. Then one sees that ((i,, j,), (iz, j2), 
(i3, j,)} is contained in (AD,,, .9,,),. 
Case 7. Finally, consider the triple { (il, j,), (iz, jJ, (i3, j,)} 65 a 
(i,<i,<i,), where {i,,i,,i3]&31,. By property (PJ there exists i E I,, 
such that {il, i,, i3) E Bi. Let j and j’ satisfy ((ir , j,), (i,, jJ, (12, j), 
(13, j’)} E @ and s satisfy {(i,, j,), (12, s), (13, j’)) E d (i.e., rpi,,,(j’)f j3), 
we find j # s, otherwise, it follows that { (il, j,), (i2, jz), (i,, j,)) E CPI and 
hence, yields a contradiction. Then one sees that {(i,, j,), (iz, j2), (j,, j,)} is 
contained in (AD,, 5Yi, &?Os)S(L,). The proof is completed. 
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